We introduce the notions of Heegaard splittings and thin multiple Heegaard splittings of 1-submanifolds in compact orientable 3-manifolds, which are generalizations of those of bridge decompositions and thin positions. We show that either a thin multiple Heegaard splitting of 1-submanifold T is also a Heegaard splitting with minimal complexity or the exterior of T contains an essential surface with meridional boundary other than the boundary parallel annulus.
Introduction.
The notion of thin position for knots in S 3 is introduced by D. Gabai in [G] , and played important roles in solutions of the property R conjecture by Gabai and the knot complement conjecture by C.McA. Gordon and J. Luecke [G-L] . A. Thompson showed in [T] that if an exterior of a knot K does not contain an incompressible planar surface with meridional boundary other than the boundary parallel annulus, then every thin position of K has a level sphere which gives a bridge decomposition of K realizing the bridge number of K. M. Scharlemann and Thompson defined thin positions for 3-manifolds in [S-T] , and obtained several results on incompressible surfaces. Recently J. Schultens and K. Morimoto apply results in [S-T] successfully to a problem of tunnel numbers of knots [Sl] , [M-Sl] . See also [S-S] .
We generalize the main results in [T] and [S-T] and Theorem 3.1 in [C-G] in this paper.
The bridge decomposition of a link in the 3-sphere S 3 is introduced by H. Schubert [Sb] and generalized by K. Morimoto and M. Sakuma [M-Sa] for a link in a closed orientable 3-manifold. Many researches on such decompositions have appeared by now. See [D] , [Ho] , [K] , [K-S] , [M] , [M-S-Y] , [S-Ko] , [S-Ki] , [H-S1] , [H-S2] , [H-S3] , [Hy1] , [Hy2] , [Hy3] and [Hy4] . Here we generalize it for a 1-submanifold properly imbedded in a compact orientable 3-manifold possibly with boundary.
Let I = [0, 1] an interval, F a disjoint union of closed orientable surfaces. A compression body C is a connected orientable 3-manifold obtained from a ball B or F × I by attaching some number, perhaps 0 of 1-handles on ∂B or F ×{1}. Let ∂ − C denote F ×{0} and ∂ + C = ∂C −∂ − C. In usual definitions ∂ − C has no 2-sphere component, but in this paper ∂ − C may have 2-sphere components. A compression body C is called a handlebody if ∂ − C = ∅.
A set of arcs {t 1 , . . . , t n } properly imbedded in a compression body C is trivial if there is a homeomorphism C ∼ = Y ∪ V (where Y is a ball or homeomorphic to ∂ − C × I and V is a disjoint union of 1-handles) such that each arc t i satisfies one of the following conditions.
(1) t i is vertical, i.e., t i = (a point) ×I ⊂ ∂ − C × I = Y , and t i ∩ V = ∅. (2) t i is ∂ + -parallel, i.e., there is a disc D ⊂ C such that t i ⊂ ∂D, D∩∂C = cl (∂D − t i ) ⊂ ∂ + C and that D ∩ t j = ∅ for j = i.
We call the disc D in condition (2) above a cancelling disc of t i . A standard cut and paste argument allows us to take mutually disjoint cancelling discs of the ∂ + -parallel arcs.
It is well known that every compact connected orientable 3-manifold M has a Heegaard splitting H, i.e., M = C 1 ∪ H C 2 , where C 1 and C 2 are compression bodies and H = ∂ + C 1 = ∂ + C 2 . Let T be a properly imbedded 1-manifold in M . The Heegaard splitting H of M is a Heegaard splitting of (M, T ) if H is transverse to T and T i = T ∩ C i is a union of a trivial set of arcs in C i for i = 1 and 2. Every pair (M, T ) as above has a Heegaard splitting (Lemma 2.1).
In general, let X be a compact orientable 3-manifold, and T a 1-manifold properly imbedded in X. Let F be a compact (possibly disconnected) orientable 2-manifold properly imbedded in X transversely to T . Then F is said to be T -compressible if there is a disc D such that D∩F = ∂D, D∩T = ∅ and ∂D is essential in F − T , that is, ∂D does not bound a disc in F − T . We call such a disc D a T -compressing disc of F . If F is not T -compressible, then it is T -incompressible. Let F 0 and F 1 be disjoint closed orientable surfaces imbedded in X transversely to T . These surfaces are T -parallel if they cobound a 3-mamifold homeomorphic to F 0 × I possibly intersecting T in vertical arcs, where F 0 = F 0 × {0} and F 1 = F 0 × {1}.
A Heegaard splitting (M, T ) = (C 1 , T 1 )∪ H (C 2 , T 2 ) is said to be weakly Treducible if there is a T i -compressing disc D i ⊂ C i of H for i = 1 and 2 such that ∂D 1 ∩ ∂D 2 = ∅. Otherwise H is strongly T -irreducible. The splitting H is T -reducible if we can take the discs so that ∂D 1 = ∂D 2 . Otherwise H is T -irreducible.
A Heegaard splitting (M, T ) = (C 1 , T 1 ) ∪ H (C 2 , T 2 ) is said to be stabilized if there is a properly imbedded disc D i disjoint from T i in C i for i = 1 and 2 such that ∂D 1 and ∂D 2 intersect transversely at a single point in H. In this situation, if we performing a T i -compressing operation on the splitting surface H along the disc D i , then we obtain a new Heegaard splitting surface of (M, T ) for i = 1 and 2.
Remark. A Heegaard splitting (M, T ) = (C 1 , T 1 ) ∪ H (C 2 , T 2 ) is said to be meridionally stabilized if there is a properly imbedded disc D 1 intersecting T 1 transversely in a single point in C 1 and if there is a properly imbedded disc D 2 disjoint from T 2 in C 2 such that ∂D 1 and ∂D 2 intersect transversely at a single point in H. In this situation, if we perform a compressing operation on the splitting surface H along the disc D 1 , then we obtain a new Heegaard splitting surface of (M, T ) . But we do not use these definition and fact in this paper.
A Heegaard splitting (M, T ) 
In this situation, if ∂D 1 ∩ ∂D 2 consists of a single point of T ∩ H, then we can isotope the arc t i along the disc D i , to obtain a new Heegaard splitting of (M, T ) for i = 1 and 2.
A Heegaard splitting H of (M, T ) is said to be netted if there is a Tcompressing disc D of H such that a surgery on H along D yields two surfaces, one of which is T -parallel to a component of ∂M and the other is another Heegaard splitting of (M, T ) .
More generally, a disjoint union H of closed orientable surfaces imbedded in int M transversely to T is a multiple Heegaard splitting of (M, T ) if:
(1) The closures of all components of M − H are compression bodies
. . , n, and (4) T ∩ C i is a union of a trivial set of arcs in C i for i = 1, . . . , n.
Let H + and H − denote the disjoint union of all positive surfaces of H and the disjoint union of all negative surfaces of H respectively. Note that H may contain a surface which is non-separating in M .
Let W ij = C i ∪ C j be a component of the 3-manifold obtained by cutting
We say that the splitting H is slim if the splitting H ij of (W ij , T ij ) is strongly T -irreducible for all W ij , and if any proper subset of H is not a multiple Heegaard splitting of (M, T ) .
We will define a width of a multiple Heegaard splitting of (M, T ) . Let S be a closed connected orientable surface imbedded in M transversely to T . The complexity of S is the ordered pair c(S) = (genus (S), |S ∩ T |). We order complexities lexicographically. The width of a multiple Heegaard splitting H is the multi-set of pairs w(H) = {c(S)|S is a component of H + }, where this "multi-set" may contain the same ordered pairs redundantly. For example, w(H) = {(5, 7), (3, 4), (3, 4), (2, 1), (2, 0)} or w(H ) = {(5, 7), (3, 4), (2, 8), (2, 0), (1, 7), (1, 7)}. We order finite multi-sets of pairs as follows: Arrange ordered pairs in each multi-set in monotonically nonincreasing order, then compare the ordered multi-sets lexicographically. In the above example, we have w(H) > w(H ). These definitions of width and its ordering are in imitation of [S-T] . Define the width w (M, T ) to be the minimal width over all multiple Heegaard splittings of (M, T ) with respect to the above ordering. We say (M, T ) is in thin position if the width of the given multiple Heegaard splitting H realizes the width w (M, T ) . We say also that the multiple Heegaard splitting H is thin. We see later a thin multiple Heegaard splitting is slim in Lemma 2.3.
Remark. If we define the complexity c(S) = −χ(S− int N (T )), then we obtain another definition of thin position. All results in this paper also hold for this definition.
In general, let X be a compact orientable 3-manifold, T a 1-manifold properly imbedded in X, and F a closed orientable 2-manifold imbedded transversely to T in X. LetX be the 3-manifold obtained from X by capping off all the spherical boundary components disjoint from T with balls. An imbedded disc Q is said to be a thinning disc of F if T ∩ Q = T ∩ ∂Q = α is an arc and Q∩F contains the arc cl (∂Q−α) = β as a connected component.
2) F has no thinning disc and (3) no component of F is T -parallel to a component of ∂X inX and (4) no sphere component of F bounds a ball disjoint from T inX.
The surface F ∩ (X−int N (T )) is incompressible and ∂-incompressible in X−int N (T ) when ∂X = ∅ and F is T -essential. Theorem 1.1. Let M be a compact connected orientable 3-manifold, and T a 1-manifold properly imbedded in M . Suppose H is a slim multiple Heegaard splitting of (M, T ) . Note that if H − = ∅, then it is a non-multiple Heegaard splitting, that is, H consists of only one component of positive surface H, and hence H is a Heegaard splitting of (M, T ) . When M = S 3 and surfaces of H are spheres, Theorem 1.1 is similar to Theorem 1 in [T] . In [H-K], D.J. Heath and T. Kobayashi improved Theorem 1 in [T] . When T = ∅, it is similar to Rules 1 and 5 in [S-T] . This result was independently obtained by C. Feist in [F] . Remark. Let F be a closed orientable surface. Then (F ×I, vertical arcs T ) has a Heegaard splitting H which is T -parallel to the boundary components F × {0} and F × {1}. Let H be a Heegaard splitting of (F × I, T ) such that a cancelling operation on H yields H. Then H is cancellable, but is not weakly T -reducible.
Hence, one might think that Theorem 1.2 needs cancelling operations besides untelescoping operations. However, a cancelling operation does not change the negative surfaces H − , and keeps T -∂-incompressibility. Thus we do not need cancelling operations in Theorem 1.2.
In the proofs of Theorems 1.1 and 1.2, we need the next Theorem 1.3. Let X be a 3-manifold, and T a 1-manifold properly imbedded in X. Let F be a 2-manifold properly imbedded in X transversely to T , and
Let M be a 3-manifold, and T a 1-manifold properly imbedded in M . The pair (M, T ) is split if the complement C(T ) = M − T contains an essential sphere S, that is, S does not bound a ball in C (T ) . This sphere S is called a splitting sphere. Theorem 1.3. Let M be a compact connected orientable 3-manifold, and T a 1-manifold properly imbedded in M . Let H be a Heegaard splitting of (M, T ) , and S a disjoint union of splitting spheres in (M, T ) and Tcompressing discs of ∂M . Then there is a set of a disjoint union of splitting spheres and T -compressing discs S such that:
(1) S is obtained from S by 2-surgeries and isotopy in (M, T ) When ∂M = ∅ and T = ∅, this is a theorem of W. Haken [Hk, Theorem in Section 7] . Section 7 of [Hk] is readable independently without reading the other sections. W. Jaco gave a slightly easier proof of Haken's theorem [Ja, Theorem II.7] . See also [Jo, Proposition 3.2] [Hk, Theorem in Section 7] and [Ja, Theorem II.7] .
The next is a corollary of Theorem 1.3. This is a generalization of [Lemma
Corollary 1.4. Let H be a strongly T -irreducible Heegaard splitting of (M, T ) . LetM be the 3-manifold obtained by capping off all the spherical boundary components disjoint from T with balls. Let F be 
We prove Theorem 1.3 and Corollary 1.4 first in Sections 3 and 4, Theorem 1.1 in Section 5 and Theorem 1.2 in Section 6. Though the proofs of Theorems 1.1 and 1.2 use Theorem 1.3 and Corollary 1.4, they are readable without reading Sections 3 and 4.
Preliminaries.
A spine X of a compression body C is an imbedded (possibly disconnected) 1-complex such that X intersects ∂ − C in vertices, X ∩ ∂ + C = ∅ and cl (C − N (X)) is homeomorphic to ∂ + C × I. X is allowed to be a 0-cell when C is a ball. 
Proof. Let X i be a spine of the compression body C i for i = 1 and 2. We can isotope T to be disjoint from small neighbourhoods
We can take this product structure so that the singular set of π(T ) consists of double points away from ∂T . Let t be a component of T , and ∂ 1 t, ∂ 2 t endpoints of t if t is an arc. We say that ∂ i t is lower and upper if it is in ∂ − C 1 and ∂ − C 2 respectively. Let S be the set consisting of ∂ 1 t, ∂ 2 t and singular points on t. We take regular points of t, one between every pair of adjacent points of S. We take regular points of t, one more between adjacent points of S if the both points are upper, or both are lower. In addition we take two regular points of t if t is a circle without singular points. Then we can isotope T so that T ∩ H consists of the above regular points and T ∩ C i is trivial in C i for i = 1 and 2.
In general, a properly imbedded arc α in a 2-manifold F is inessential if there exists an arc β ⊂ ∂F such that α ∪ β forms a loop bounding a disc in F . Otherwise, α is essential.
Let X be a compact orientable 3-manifold, and T a 1-manifold properly imbedded in X. Let F be a compact orientable 2-manifold properly imbedded in X so that it is transverse to T . Then F is said to be
Let (C, T ) be a pair of a compression body C and trivial arcs T in C. Let D be a disjoint union of (1)discs disjoint from T and with their boundaries in ∂ + C and (2)cancelling discs, one for each ∂ + -parallel arc of T . This union D of discs is a complete disc system of (C, T ) if D cuts (C, T ) into a manifold which is homeomorphic to disjoint union of (∂ − C × I, vertical arcs) and some number, perhaps 0 of balls possibly with arcs of T in its boundary.
We can take a complete disc system of (C, T ) as follows. First we take a disjoint union of cancelling discs D , one for each ∂ + -parallel arc of T . There is a homeomorphism C ∼ = Y ∪ V , where Y is a 3-ball or ∂ − C × I and V is a disjoint union of 1-handles, such that vertical arcs of T are (points)×I ⊂ ∂ − C × I, and are disjoint from V . We can take cocore discs D of V . We isotope D ∪ T so that ∂ + -parallel arcs of T are very close to the arcs ∂D ∩ ∂ + C and so that D ∩ D consists of arcs connecting T and
Let (C, T ) be as above. We cap off each sphere component of ∂ − C with a 3-ball if it is disjoint from T , to obtain a new compression body denoted byC throughout this paper.
Lemma 2.2. Let (C, T ) be a pair of a compression body C and trivial arcs T in C. Let S be a T -incompressible and T -∂-incompressible 2-manifold in (C, T ). Then there is a complete disc system D of (C, T ) such that D is properly imbedded in C and D ∩ S consists of two types of arcs as below.
(
1) An intersection arc α of a cancelling disc of D and a sphere intersecting T in two points. Both endpoints of α are in T . (2) An intersection arc β of a cancelling disc of D and a disc intersecting T in one point. One endpoint of β is in T and the other is in
Proof.
Step 1. Let Z =cl (C − C) the disjoint union of balls. Let D be a complete disc system of (C, T ) which is disjoint from Z. We can isotope S slightly so that S is transverse to D. Suppose that S ∩ D contains simple closed curves, then there is an innermost one on D. This closed curve bounds an innermost disc D whose interior is disjoint from S. C a ball which is disjoint from T , and hence D remains to be a complete disc system of (C, T ). We repeat this operation until S ∩ D consists of arcs only.
Step 2. Suppose that S ∩ D contains arcs. Let α be an outermost arc
Hence there is an arc β of S ∩ D which is inessential and outermost on S − T . This arc β cuts off a disc
We perform a surgery on D along R, that is, we replace a small neighbourhood of β on D by two parallel copies of R. Then we obtain a new complete disc system of (C, T ). (Note that we can retake the product structure ∂ −C × I so that vertical arcs remains vertical.) We repeat this operation until there is no such outermost disc D.
Step 3. Suppose secondly that (∂D − α) ⊂ T . Let C be the 3-manifold obtained from C by cutting along S. We take a regular neighbourhood
Hence the component of S containing α is a sphere S intersecting T in two points. That is, α is of type (1). Note that S − S is T -incompressible and T -∂-incompressible. We repeat this operation on S − S , to see that we can assume there is no such disc D.
Step 4. Similar argument as in Step 3 shows that an arc of D ∩ S is of type (2) if one endpoint is in T and the other is in ∂ + C.
The next lemma is similar to Rule 3 in [S-T] , and implies that a thin multiple Heegaard splitting is slim. Lemma 2.3. Let H be a thin multiple Heegaard splitting of (M, T ) 
Thus we obtain a multiple Heegaard splitting of (W ij , T ij ), hence that of (M, T ) with smaller width. This is a contradiction.
Let (C, T ) be a pair of a compression body C and trivial arcs T in C.
An annulus A properly imbedded in C is a vertical annulus, if there is a homeomorphism C ∼ = (∂ − C × I) ∪ V (where V is a disjoint union of 1-handles) such that:
(1) The vertical arc components of T are vertical in ∂ − C × I, (2) ∂ + -parallel arc components of T are disjoint from A, and
The next lemma is a mild generalization of Lemma 9 in [B-O] .
Lemma 2.4. Let (C, T ) be a pair of a compression body C and trivial arcs T in C. Let S be a T -incompressible and T -∂-incompressible 2-manifold properly imbedded in C transversely to T . Then each component of S is either:
(1) A sphere intersecting
Step 1. We consider the union of surfaces obtained from S deleting all the surfaces of types (1) and (2). We let S denote the resulting 2-manifold for simplicity of notation. It is sufficient to show that each component of S is of type (3) or (4).
Step 2. Let D be a complete disc system of (C, T ) as in Lemma 2.2. Note that D ∩ S = ∅ since S does not contain surfaces of types (1), (2). Hence S is disjoint from ∂ + -parallel arcs of T . The discs D cutsC into a 3-manifold which is homeomorphic to disjoint union of ∂ −C × I and balls. Then S does not intersect these balls since incompressible surfaces in a ball are spheres and discs.
Step 3. Let be a disjoint union of simple closed curves in ∂ −C such that is essential in non-sphere components of ∂ −C and decomposes spheres of ∂ −C into several discs, tori into annuli and the other components into pairs of pants, that is, spheres with three holes. Let A = × I the disjoint union of vertical annuli inC. We can take and the product structure ∂ −C × I so that A is disjoint from D ∪ Z and so that A contains all vertical arcs of T . Step 4. For each annulus (or pair of pants) P in ∂ −C , we take two arcs (or three arcs) γ properly imbedded in P such that ∂γ is disjoint from T and γ cuts P into two square discs (or two hexagonal discs). Let B = γ × I the disjoint union of vertical discs. We can take γ and the product structure Step 2 in the proof of Lemma 2.2. Suppose that there is an arc α of S ∩ B such that ∂α is contained in a component of (∂γ) × I. We take α to be outermost on B, and isotope S along the outermost disc. Then two essential loops on ∂P × I are deformed into an inessential loop on A, and we can decrease the number |S ∩A|, which is a contradiction. Suppose that there is an arc β of S ∩ B such that one of the poins ∂β is contained in (∂γ) × I and the other is contained in γ × (∂I). We take β to be outermost on B, and isotope S along the outermost disc. Then an essential loop on ∂P × I is deformed into an inessential arc on an annulus A of A. If A is disjoint from T , then as in Step 2 in the proof of Lemma 2.2 we can decrease the number |S ∩ A|, which is a contradiction. If A contains a vertical arc of T , then as in Step 4 in the proof of Lemma 2.2 we find a disc component of S intersecting T in a single point, which contradicts our assumption in Step 1 in this proof. Hence the arcs of S ∩ B consists of vertical arcs and arcs connecting two components of (∂γ) × I.
Step 5. We cutC along the discs of D, and obtain a 3-manifold homeomorphic to ∂ −C × I. We cut it further along the surfaces A ∪ B. For each (possibly square or hexagonal) disc
We show that the boundary of each disc of S ∩ X is contained in ∂G × I or meets ∂G × I in precisely 2 vertical arcs. Suppose not. Then there is a disc component Q ⊂ S ∩ X meeting ∂G × I in at least 4 vertical arcs. It follows that ∂Q meets each of G and ∂X ∩ ∂ + C in at least two subarcs. Cutting the sphere ∂X along ∂Q, we obtain two discs, with each of which Q cobounds a ball in X. Hence there is a disc D in X such that D ∩ Z = ∅, D∩Q = ∂D∩Q = α is an arc and the complementary arc β =cl (∂D−α) ⊂ G connects two distinct components of ∂Q∩G. We take Q and D so that |D∩S| is minimal over all such discs.
Suppose, for a contradiction, that S meets the interior of D. We can easily see that the intersection of D and the discs S ∩ X contains no closed curves. Let ρ be an outermost arc of S ∩ D, i.e., ρ and a subarc of ∂D cobounds a subdisc D of D such that D − ρ is disjoint from S. Let R be the component of S ∩ X which contains ρ.
Suppose first that ∂ρ is contained in the same component µ of ∂R ∩ G. Let R be the subdisc of R cobounded by the arc ρ and a subarc of µ. We take an arc ρ of R ∩ D to be outermost on R . Let R be the outermost disc cut off from R by ρ . Then we surger D along R , and obtain two discs. One of them, say D , contains α, and |D ∩ S| < |D ∩ S|, which is a contradiction.
Suppose secondly that ∂ρ is contained in distinct components of ∂R ∩ G. Then ∂R meets ∂G × I in at least 4 vertical arcs. This contradicts the minimality of the number |D ∩ S|. Hence we obtain D ∩ S = α.
Since each component of Q − α contains components of ∂S ∩ ∂X ∩ ∂ + C, α is essential in S. Hence D is a T -∂-compressing disc of S, which is a contradiction. Thus we have shown that the intersection of S and each G × I consists of discs whose boundary is contained in ∂G × I or meets ∂G × I in precisely 2 vertical arcs.
Step 6. The discs of the former type together form surfaces T -parallel to components of ∂ −C in (C, T ). The discs of the latter type together form vertical annuli disjoint from T in (C, T ).
Hierarchy of planar surfaces.
The next lemma is essentially due to Jaco [Ja, Lemma II.9] . A weak hierarchy for a compact orientable 2-manifold F is a sequence of pairs (F 0 , α 0 ) , . . . , (F n (2) is very similar to that of (1) by Jaco, but we include it here for convenience of readers. 
If b ≥ 3 and d = b, then some essential arc α i is separating in F i , and F n+1 must have a disc component.
Proof of Theorem 1.3.
Let X be a 3-manifold, and T a 1-manifold properly imbedded in X. Let The next lemma is very clear and we omit the proof.
Lemma 4.1. Let X be a 3-manifold, and T a 1-manifold properly imbedded in X. Let F be a 2-manifold properly imbedded in X transversely to T . Let F be a 2-manifold obtained by performing a ∂-2-surgery and a 2-surgery on F in this order. Then we can obtain F by performing a 2-surgery and a ∂-2-surgery on F in this order.
Proof of Theorem 1.3.
Step 1. First, we isotope S in (M, T ) so that S is transverse to the splitting surface H. Let S be a 2-manifold transverse to H obtained from S by a mixed sequence of 2-surgeries, ∂-2-surgeries and isotopies in (M, T ) . The complexity of S is the multi-set of integers γ(S ) = {|s∩H|; s is a component of S }, where "multi-set" may contain the same integers redundantly. We order finite multi-set of integers as follows: Arrange integers in each multiset in monotonically non-increasing order, then compare the ordered multisets lexicographically. We choose S so that γ(S ) is minimum over all 2-manifolds which are obtained by a mixed sequence of 2-surgeries, ∂-2-surgeries and isotopies in (M, T ) and which have no boundary component forming an inessential loop on
Step 2. Let C 1 and C 2 be compression bodies obtained by cutting M along H. Suppose, for a contradiction, that for i = 1 or 2 the 2-manifold
There is a disc D on R such that ∂D = ∂D, since R is a disc or sphere.
Then both D and cl(R−D ) must intersect
If the sphere D ∪ D bounds a ball disjoint from T in M , then we isotope D onto D. Otherwise, we perform a 2-surgery along D on S .
In both cases the complexity γ(S ) decreases, which is a contradiction.
Step 3. Suppose, for a contradiction, that
Suppose that D is incident to ∂ − C 1 . Then we perform a ∂-2-surgery on S along D to obtain a 2-manifold S with smaller complexity. If S has a boundary component which is inessential on ∂ − C 1 − T and bounds a disc
, which is a contradiction. Hence S does not have a boundary component which is inessential on ∂ − C 1 − T . This is again a contradiction to the minimality of the complexity.
Hence D is incident to ∂ + C 1 = H. We isotope S 1 near the arc α = S 1 ∩ D along the disc D. Then a band neighbourhood N (α) of α in S 1 is pushed into C 2 and remainder of S 1 in C 1 is homeomorphic to the 2-manifold obtained from S 1 by cutting along α. This 2-manifold is T 1 -incompressible in (C 1 , T 1 ) since S 1 is T 1 -incompressible. We repeat this operation until the resultant surface is T 1 -∂-incompressible. Let S * be the resulting 2-manifold imbedded in M . Since S * ∩ ∂ − C 1 = S ∩ ∂ − C 1 consists of essential loops on ∂ − C 1 − T , S * ∩ C 1 consists of spheres, vertical annuli and discs whose boundaries are in ∂ + C 1 by Lemma 2.4.
Step 4. By applying Lemma 3.1 to every component of S 1 , we can see that γ(S * ) < γ(S ) if S 1 contains a T 1 -∂-compressible component which does not meet ∂ − C 1 . This contradicts that γ(S ) is minimal since S * is isotopic to S in (M, T ) .
Hence every T 1 -∂-compressible component of S 1 meets ∂ − C 1 . Let Q be such a component of S 1 . Then γ(S * ) = γ(S ) and S * ∩ C 1 contains a component which is a subdisc of Q by Lemma 3.1 (2) and the minimality of γ(S ). Hence S * ∩ C 2 contains a component which is not a disc and does not meet ∂ − C 2 . The 2-manifold S * ∩ C 2 is T 2 -incompressible by the same argument as in Step 2, and T 2 -∂-compressible by Lemma 2.4. Then we perform operation as in Step 3 on S * ∩ C 2 , and obtain a contradiction to the minimality of γ(S ) = γ(S * ) by Lemma 3.1 (1).
Step 5. Hence S 1 is T 1 -∂-incompressible in (C 1 , T 1 ), and similarly we can show that S 2 is T 2 -∂-incompressible in (C 2 , T 2 ). Then by Lemma 2.4 S i consists of spheres, vertical annuli and discs with their boundary in ∂ + C 1 . Lemma 4.1 implies that we can obtain S from S by a sequence of isotopies, followed by a sequence of 2-surgeries, followed by a sequence of ∂-2-surgeries. Hence by a sequence of band sum operations along arcs on ∂ − C 1 and ∂ − C 2 we can obtain a 2-manifoldŜ from S such that ∂Ŝ = ∂S and such thatŜ can be obtained from S by a sequence of isotopies, followed by a sequence of 2-surgeries. Note that these band sum operations are performed along arcs connecting distinct disc components. LetŜ be a 2-manifold obtained from S by a band sum operation along an arc γ connecting distinct disc components of S . We assume without loss of generality that γ is on ∂ − C 1 . We can retake the structure
A standard innermost loop and outermost arc argument allows us to retake Q to be disjoint from the other component of S 1 . We perform a band sum operation on S along γ and obtain a disc intersecting H in two loops. We then isotope the band along the disc Q, to obtain a disc intersecting H in a single loop. We can retake the structure C 1 ∼ = Y ∪ V so that the annulus components of S ∩ C 1 are vertical. Repeating such operations, we can isotopeŜ as in the conclusion of Theorem 1.3. This completes the proof of Theorem 1.3.
Proof of Corollary 1.4. Suppose, for a contradiction, that a component F of ∂M is T -compressible in (M, T ) . Let C 1 and C 2 be the compression bodies obtained by cutting M along H, and T i = T ∩ C i for i = 1 and 2. We can assume that witout loss of generality that ∂ − C 1 contains F . Let D be a T -compressing disc of F . Applying Theorem 1.3 we obtain a T -compressing disc D of F such that D meets H in a single simple closed curve which is essential on H − T . Then D 2 = D ∩ C 2 is a T -compressing disc of H. Moreover by Lemma 2.2, we can take a complete disc system D ⊂ C 1 for (C 1 , T 1 ) so that (D ∩C 1 )∩D = ∅. The complete disc system D is non-empty since H is not T -parallel to F inM . Hence we can take a T -compressing disc D 1 of H near D in C 1 . (In fact, if D consists of cancelling discs only, then we take a small neighbourhood N of the cancelling disc Q 1 of some ∂ + -parallel arc t of T 1 , and the disc cl (∂N − ∂ + C 1 ) gives the desired disc D 1 . In this case, the boundary loop
Hence H is weakly T -reducible, which is a contradiction.
Proof of Theorem 1.1.
It is very clear that ∂ − C is T -incompressible for any pair of a compression body C and trivial arcs T .
Lemma 5.1. Let C be a compression body, and T trivial arcs in C. The boundary ∂C is T -incompressible in (C, T ) if and only if it satisfies one of the two conditions (1) and (
(1)C is homeomorphic to ∂ −C ×I and T consists of some number, perhaps 0 of vertical arcs, or (2)C is a ball and T consists of 0 or one ∂ + -parallel arc.
For the definition ofC, see the sentence right before Lemma 2.2.
Proof. The 'if' part is very clear and we omit the proof. We show the 'only if' part.
Let Z =cl (C − C) the disjoint union of the balls. There is a homeomorphismC ∼ = Y ∪ V where Y is a ball or homeomorphic to ∂ −C × I and V is a disjoint union of 1-handles. If V = ∅, then we can take a cocore disc D of a 1-handle of V . We can isotope
If V = ∅, thenC is a ball or homeomorphic to ∂ −C × I. Suppose that T contains a ∂ + -parallel arc t. Let Q be a cancelling disc of t. We take a small neighbourhood N (Q). Then the disc Q =cl (∂N (Q) − ∂ + C) cuts off the ball N (Q) containing t from C. If ∂Q is inessential on ∂ + C − T , then ∂ + C is a sphere and T = {t}, and henceC is a ball.
Lemma 5.2. Let M be a compact connected orientable 3-manifold, and T 1-manifold properly imbedded in M . Suppose that a strongly T -irreducible Heegaard splitting
Proof. LetM be the 3-manifold obtained by capping off all the spherical boundary components disjoint from T with balls. Let N (D) be a small regular neighbourhood of
is not a splitting sphere of (M, T ) , then it bounds a ball disjoint from T inM , and we obtain the desired conclusion. If S is a splitting sphere of (M, T ), then by Theorem 1.3 we obtain a disjoint union S of 2-spheres by 2-surgeries and isotopy in (M, T ) such that S ∩ H = ∅ since H is strongly T -irreducible also as a Heegaard splitting of (M, T ) . These spheres of S bound balls which are contained in the irreducible compression bodiesC 1 orC 2 and are disjoint from T . Since S is obtained from S by 2-surgeries and isotopy, S also bounds a ball disjoint from T in (M, t) . Hence we obtain the desired conclusion.
Lemma 5.3. Let M be a compact connected orientable 3-manifold, and T a 1-manifold properly imbedded in M . Suppose that there is given a multiple (C 1 , T 1 ) , then for i = 1 and 2, C i ∼ = ∂ − C i × I − (balls) and T i consists of vertical arcs.
Proof. Since (C 1 , T 1 ) is of type (1) 
Let M be a compact connected orientable 3-manifold, and T a 1-manifold properly imbedded in M . Let H be a multiple Heegaard splitting of (M, T ) . The surfaces of H divide M into compression bodies C 1 , . . . , C n . The arcs
Proposition 5.4. Suppose that for each 1 ≤ i ≤ n either:
Proof. Suppose, for a contradiction, that a component H of H − is T -compressible in (M, T ) . Let D be a T -compressing disc of H, C i the compression body containing a collar of ∂D in D, and C j the compression body such that ∂ + C i = ∂ + C j . Then by applying an innermost disc argument on the curves of H − ∩ D and replacing H and C i if necessary, we can assume that
In the former case, by Corollary 1.4 the splitting H ij of (W ij , T ij ) is weakly T -reducible, which is a contradiction. In the latter case, by Lemma 5.3, H is clearly T -incompressible in (M, T ) .
Let F be a component of ∂M , and C k the compression body containing F . Suppose, for a contradiciton, that F is T -compressible in (M, T ) and (2) or (3) 
is a multiple Heegaard splitting of (M, T ) . This contradicts that H is slim. 
is a pair of compression body and trivial arcs in it after cut open along the amalgamated components of ∂ − V . Hence H − ((H ∩ V ) − ∂ − V ) is a multiple Heegaard splitting of (M, T ) . This contradicts that H is slim.
Lemma 5.7. Suppose that the splitting H is slim. Then H − has no thinning disc in (M, T ) .
Proof. Suppose, for a contradiction, that some component H of H − has a thinning disc Q. We can isotope Q slightly so that Q ∩ H − consists of loops, the arc β = cl (∂Q−T ) and properly imbedded arcs with endpoints in Q∩T .
Since H − is T -incompressible by Proposition 5.4 and Lemma 5.5, a standard innermost loop argument allows us to retake Q so that Q intersects H − in arcs only. Moreover, a standard outermost arc argument allows us to retake H and Q so that
Then we can take a collar ∂Q × I of ∂Q in Q so that β × I is contained in some compression body C i . Let C j be another compression body such that
We first suppose that ∂C i is T i -compressible in (C i , T i ). Then by Lemma 5.2, (W ij , T ij ) is homeomorphic to a pair (V, S) of type (2) 
Proof of Theorem 1.2.
In general, let F be a closed (possibly disconnected) 2-manifold. Let α be disjoint union of loops on F . Then let σ (F, α) denote the closed 2-manifold obtained by cutting F along α and capping off the resulting boundary circles with discs.
Let F be a closed (possibly disconnected) 2-manifold with punctured points. Let w(F ) be the multi-set of pairs as the definition of width in Section 1 regarding the punctured points as intersection points with T . We define µ(F ) as multi-set of pairs obtained from w (F ) by deleting all the (0, 0) elements. We order µ (F ) in the same way as width. There is a loop in Q which separates copies of D and those of D . Then the loop bounds discs disjoint from T near Q in both W and W . These discs are T -compressing disc of H because D and D are T -compressing disc of H. This contradicts to the condition that H is T -irreducible.
Since H is weakly T -reducible, by Claim 6.1 there are non-empty disjoint unions of discs D, D properly imbedded in W , W respectively such that:
(1) The discs of D and D are T -compressing discs of H, (H, ∂D) ), µ(σ(H, ∂D )) and µ(σ(H, ∂D ∪ ∂D )) is minimal subject to these conditions. We untelescope {H} along these discs as in the proof of Lemma 2.3. That is, let
These are disjoint unions of compression bodies such that
Since H is connected, there is a component
Then we can show that F is not a 2-sphere disjoint from T by taking a loop separating the copies of discs of D and those of D as in the proof of Claim 6.1.
Suppose, for a contradiction, that F is T -compressible, say in (
Let Γ be the union of the cocore arcs of the 2-handles N (D). We extend Γ by jointing vertical arcs in the collar neighbourhood N (∂ + C 1 ) ∼ = ∂ + C 1 × I so that Γ has all the endpoints in
The surface F has a T -compressing disc D. We can assume without loss of generality that D is contained in C 1 ∪ C 2 rather than C 3 ∪ C 4 . Theorem 1.3 implies that there is a T -compressing disc
is a union of vertical arcs in C 2 . Possibly D is not vertical with respect to the product structure N (∂ + C 1 ) ∼ = ∂ + C 1 × I. But we can retake D to be disjoint from the arcs S as below. We take a disjoint union of annuli A propery imbedded in C 2 , one for every component of ∂ − C 2 , so that (T 2 ∪ S) ⊂ A, and that it is vertical in ∂ + C 1 × I. Moreover, for every non-sphere component H 0 of ∂ − C 2 , we can take A so that the boundary loop A ∩ H 0 is essential on H 0 . We can retake D so that it intersects A transversely and that D ∩ A contains no inessential loop on A. Since D does not intersect T , we can isotope S on A so that it does not intersect arc components of D ∩ A. Let be an essential loop of D ∩ A on A such that is the nearest to ∂ − C 2 . Let H 0 be the component of ∂ − C 2 which is incident to the annulus containing the loop . LetC 2 be the compression body obtained from C 2 by capping off all the spheres of ∂ − C 2 disjoint from T 2 ∪ S with balls. By Lemma 2.2, there is a complete disc system E of (C 2 , T 2 ∪ S) such that E ∩ D = ∅. Let E = (D ∩ N (Γ)) ∪ D 0 . The unions of discs E and E can be regarded as unions of T -compressing discs of H imbedded in W and W respectively since C 1 ∪ N (Γ) is ambient isotopic to W in (M, T ) . Then we can see that these systems of discs E and E violate the minimality of µ(H 0 ) as below. The surface σ(H, ∂E ∪∂E ) is homeomorphic to σ(H 0 , ∂D) modulo 2-spheres disjoint from T because E = (D ∩ N (Γ)) ∪ D 0 and because E is a complete disc system of (C 2 , T 2 ). Since the disc D is a T -compressing disc of H 0 , we have µ(σ(H, ∂E ∪ ∂E )) < µ(H 0 ). If µ(σ(H, ∂E ∪ ∂E )) = µ(σ(H, ∂E)) or µ(σ(H, ∂E ∪ ∂E )) = µ(σ(H, ∂E )), then we have a contradiction as in the proof of Claim 6.1. Thus we obtain a contradiction to the minimality of µ(H 0 ).
Let Λ be the union of the cocore arcs of the 2-handles N (D) , N (D ) . We can recover the Heegaard splitting surface H by performing surgeries along Λ on H 0 .
In the rest of this proof, we assume that the Heegaard splitting H of (M, T ) is not cancellable. Suppose, for a contradiction, that F is a 2-sphere bounding inM a ball B intersecting T in a trivial arc t. Let H 1 be the surfaces of H − ∩ B, and H the surface obtained by performing surgery on H 1 along the arcs Λ ∩ B. Then H gives a Heegaard splitting of (B, t) when it is isotoped slightly into int B. This splitting H is not trivial, i.e., not T -parallel to ∂B, since Λ ∩ B = ∅ from the way of taking F . Hence by Lemma 2.1 in [H-S2] as below, which derives from Lemma 2.1 in [H-S1], H is cancellable or stabilized. In the former case H is also cancellable, and in the latter case the sphere ∂N (D 1 ∪D 2 ) shows that H is T -reducible where D 1 and D 2 are discs showing that H is stabilized. In both cases we obtain contradictions.
Lemma 2.1 in [H-S2] . Let B be a ball, t a single trivial arc in B and H a Heegaard splitting of (B, t) . Then H is either trivial, cancellable or stabilized.
Suppose, for a contradiction, that F is a torus bounding inM a solid torus V intersecting T in a core loop t of V . Let H 2 be the surfaces of H − ∩ V , and H the surface obtained by performing surgery on H 2 along the arcs Λ ∩ V . Then H gives a Heegaard splitting of (V, t) when it is isotoped slightly into int V . Hence H is cancellable or stabilized by [H-S3, Theorem 1.1] below. In the former case H is also cancellable, and in the latter case H is T -reducible. In both cases we obtain contradictions. Theorem 1.1 in [H-S3] . Let V be a solid torus, t a core loop of V and H a Heegaard splitting of (V, t) . Then H is either cancellable or stabilized. Moerover, when |H ∩ t| = 2 and genus(H ) ≥ 2, H is stabilized.
In the rest of this proof, we assume that the Heegaard splitting H of (M, T ) is not netted. Suppose for a contradiction that F is T -parallel to a component of ∂M inM . Let (P ∼ = F × I, T ) be the parallelism between F and a component of ∂M , where T = T ∩ P are vertical arcs. Let H 3 be the surfaces of H − ∩ P , and H the surface obtained by performing surgery on H 3 along the arcs Λ ∩ P . Then H gives a Heegaard splitting of (P, T ) when it is isotoped slightly into int P . Since Λ ∩ P = ∅ from the way of taking F , H is not T -parallel to F , that is, not trivial of type I. When H is trival of type II, H 3 consists of F and a surface T -parallel to F in P and Λ ∩ P consists of a vertical arc. This implies that H is netted, which is a contradiction. When H is cancellable, H is also cancellble, which is a contradiction. At last, when H is stabilized, H is also stabilized, and hence is T -reducible by the weakly T -reducibility. This is again a contradiction.
